A NOTE ON DERIVATIONS OF LIE ALGEBRAS 
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Abstract. In this note, we will prove that a finite dimensional Lie alge- 
bra L of characteristic zero, admitting an abelian algebra of derivations 
D < Der(L) with the property 

L n C d ( L ) 

for some n > 1, is necessarily solvable. As a result, if L has a derivation 
d : L —¥ L, such that L n C for some n > 1, then L is solvable. 



In [2], F. Ladisch proved that a finite group G, admitting an element a 
with the property G' = [a, G], is solvable. Using this result, one can prove 
that a finite group is solvable, if it has a fixed point free automorphism. 
In this note, we prove a similar result for Lie algebras in a more general 
framework; we show that a finite dimensional Lie algebra L of character- 
istic zero, is solvable if it has an abelian subalgebra A with the property 
L n C [A, L], for some n > 1. Next, we use this result to prove that a fi- 
nite dimensional Lie algebra L of characteristic zero, admitting an abelian 
algebra of derivations D < Der(L) with the property 



deD 

for some n > 1, is necessarily solvable. As a special case, we conclude that 
if the Lie algebra L admits a derivation d : L — >■ L, such that L n C d(L), 
for some n > 1, then L is solvable. Note that a similar result was obtained 
by N. Jacobson in [T]: a finite dimensional Lie algebra of characteristic zero, 
admitting an invertible derivation, is nilpotent. 

Our main theorem (Theorem 1 bellow) is also true for connected compact 
Lie groups and so, it may be also true for finite groups. Therefore, we ask 
the following question; 



Let G be a finite group admitting an abelian subgroup A with the property 
G n C [A, G], for some n > 1. Is it true that G is solvable? 

During this note, L is a finite dimensional Lie algebra over a field K of 
characteristic zero. By L n and L^ n \ we will denote the n-th terms of the 
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lower central series and derived series of L, respectively. Also, Der(L) will 
denote the algebra of derivations of L. 

Theorem 1. Suppose there exists an abelian subalgebra A < L and an 
integer n > 1, such that L n C [A, L\. Then L is solvable. 

Proof. Let S = L n_1 . First, we show that S is solvable. To do this, 
we use Cartan criterion. Let x € S and y € S'. Since S' = [L n ~ 1 ,L n ~ 1 ] C 
L n <Z[A,L],so 

y = Yl[ai,Ui], 

i 

for some ai, . . . ,a,k €. A and m, . . . , ut € L. Now, we have 
Tr(adsx adsy) = Tr(adsx ads[ai, ui\). 

i 

Since 5 is an ideal, we have ads[a,i,Ui] = adsdi adsui — adsui adsai and 
hence 

Tr{adsx adsy) = Tr(adsx adsai adsUi — adsx adsUi adsai) 

i 

= y^ j Tr(adsaj ad s [ui,x]). 

i 

Now, [ui,x] e [L,S] = L n C [A, L], and so 

j 

for some bn, . . . ,bu € A and ui, . . . , v\ G L. Therefore 

Tr(ad s ai ad s [ui,x}) = y~]Tr (ad s ai ads[bij,Vj}) 

j 

= ^Tr (ads[a,i,bij]adsvj) 
j 

= 0. 

Therefore, 

Tr(adsx adsy) = 0, 
and hence S is solvable. We have L*™^ C L" _1 , so L is solvable. 

As a result, we have; 

Corollary 1. Suppose L is semisimple and A is an abelian subalgebra. 
Then [A, L] C L. 

Using Lie functor, we can restate Theorem 1, for connected compact Lie 
groups; 
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Corollary 2. Suppose a connected compact Lie group G has an abelian 
Lie subgroup A, such that G n C [A, G], for some n > 1. Then G is solvable. 

Theorem 2. Suppose there is an abelian subalgebra D < Der(L) and 
an integer n > 1 such that 

Then L is solvable. 

Proof. Suppose L = D x L. Note that, elements of L are of the form 
(d, x), with d £ D and Also, we have 

[(d,x),(d',y)] = (0, [s,j/]+d(j/)-d'(aO). 

It is easy to see that for d\, . . . ,d n £ D and xi, . . . , x n G L, we have 

. . . , {dn,x n )] = (0, [xi, . . .,x n ] + y), 

for some y € Z^deD ^(-^)- Now, 

\X\ , . . . , x n ] G 

so there exists 5\,. . . ,5k £ D and Uj, . . . ,Uk G L, such that 

[xi, ... ,ar n ] + y = ^^(ui). 

j 

We have 

[(di,xi),...,(d n ,x n )] = (0, [xi, . . . ,x n ] +y) 

= ^2(0,5^)) 

i 

= ^[(^,0), (0 )Ui )] 

j 

G [£>,L]. 

Therefore, L n C [D, L], and hence L is solvable. So L is also solvable. 

As a special case, if the Lie algebra L admits a derivation d : L — > L, such 
that L n C (i(L), for some n > 1, then L is solvable. 
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